
Help Notes: derivative

30 octobre 2017

Definition 0.1. The derivative of a function f at a number a, denoted by f 1paq is

f 1paq “ limhÑ0
f pa` hq ´ f paq

h
“ limxÑa

f pxq ´ f paq
x´ a

The tangent line to y “ f pxq at pa, f paqq has slope is equal to f 1paq, the derivative of f at a.

Example 1 : For the function defined by f pxq “ 1
x´2 compute f 1p4q using the limit derivative defini-

tion :
Solution :

f p4` hq ´ f p4q
h

“

1
4`h´2 ´

1
2

h

“

1
2`h ´

1
2

h

“

2´p2`hq
2p2`hq

h

“

´h
2p2`hq

h

“
´1

2p2` hq

Do not forget to simplify before passing to the limit.

limhÑ0
´1

2p2` hq
“
´1
4

Thus the limit exist and is finite thus f 1p4q “ ´1
4 .

Example 2 : For the function defined by f pxq “ x´ x2 compute the equation of the tangent line at
p2,´2q using the derivative limit definition.

Solution : Note that the domain of definition of f is R

f px` hq ´ f pxq
h

“
x` h´ px` hq2 ´ x` x2

h

“
h´ 2hx` h2

h
“1´ 2x` h
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limhÑ01´ 2x` h “ 1´ 2x

Thus the limit exist and is finite thus f 1pxq “ 1´ 2x.
Be careful to answer fully answer the question that is asked, we need the equation of the

tangent here.
Moreover, we know that the slope of the tangent at p2,´2q is m “ f 1p2q “ ´3. The equation of

the tangent at p2,´2q is y “ ´3x ` p where p P R. Since p2,´2q belongs to the tangent we have
´2 “ ´3ˆ 2` p “ ´6` p and p “ 4. Finally, the equation of the tangent is y “ ´3x` 4.

Definition 0.2. A function f is differentiable at a if f 1paq exists. It is differentiable on a open
interval pa, bq (or pa,8q or p´8, aq or p´8,8q) if it is differentiable at every number in the interval.
If f is a differentiable function, then its derivative f 1 is also a function, so f 1 may have a derivative
of its own, denoted by p f 1q1 “ f 2. This new function is called the second derivative of f . The third
derivative is the derivative of the second derivative denoted b y p f 2q1 “ f3. The process continues. In
general the nth derivative is denoted by f pnq and is obtained by differentiating f nth time.

Example : Let f pxq “
?

x´ 4, find the general derivative f 1pxq as a new function by using the
derivative definition.

Solution : Note that the domain of definition of f is r4,8q.

f px` hq ´ f pxq
h

“

?
x´ 4` h´

?
x´ 4

h

“
h

hp
?

x´ 4` h`
?

x´ 4q

“
1

?
x´ 4` h`

?
x´ 4

For x ‰ 4

limhÑ0
f px` hq ´ f pxq

h
“ limhÑ0

1
?

x` h`
?

x
“

1
2
?

x´ 4

Thus the limit exist and is finite thus f 1pxq “ 1
2
?

x´4
. For x “ 4,

f px` hq ´ f pxq
h

“
1
?

h

But then limhÑ0
f px`hq´ f pxq

h “ 8 as a consequence f 1p4q does not exist.
As a conclusion, f is differentiable over p4,8q and

f 1pxq “
1

2
?

x´ 4

Advise : When using derivability condition, first compute
f px`hq´ f pxq

h until you get a for that permits
you to decide about the limit when h Ñ 0, if this limit exists and is finite then the derivative is whatever
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you found as a limit,

f 1pxq “ limhÑ0
f px` hq ´ f pxq

h
if it does not exist or is not finite, then the derivative does not exist for those point, and f is not
differentiable at those points.

Theorem 0.3. If f is differentiable at a then f is continuous at a. (BE AWARE : The converse is wrong).

Definition 0.4. If we have a parametric curve defined with x “ f ptq and y “ gptq, the slope of tangent
at the point px, yq is

dy
dx
“

g1pt0q

f 1pt0q
“

dgpt0q

dt
d f pt0q

dt

“

dy
dt
dx
dt

where t0 such that x “ f pt0q and y “ gpt0q.

Example : Find an equation of the tangent line to the parametric curve

x “ 2sinp2tq y “ 2sinptq

at the point p
?

3, 1{2q. Where does this curve has horizontal or vertical tangent ?
Solution : At the point with parameter value t, the slope is

dy
dx
“

dy
dt
dx
dt

“

d
dtp2sinptqq
d
dtp2sinp2tqq

“
2cosptq

2pcosp2tqp2q
“

cosptq
2cosp2tq

.

The point p
?

3, 1q corresponds to the parameter value t “ π{6 since when t “ π{6 we have 2sinp2tq “
?

3
and sinptq “ 1 , so the slope of the tangent at that point is

dy
dx
|t“π{6 “

cospπ{6q
2cospπ{3q

“

?
3{2

2p1{2q
“

?
3

2

An equation of the tangent line is therefore

y´ 1 “

?
3

2
px´

?
3q or y “

?
3

2
x´ 1{2

Implicit Differentiation
If y is defined implicitly as a function of x by an equation relating x and y, we treat y as a differentiable

function of x and proceed as follows :

1. Differentiate both sides of the equation with respect to x, treating y as a differentiable
function of x.

2. Collect the terms with y1 (or
dy
dx ) on one side of the equation and solve for y1.
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Example 1 : Find y2 “ d2y{d2x using implicit differentiation when 2x2 ´ 3y2 “ 4
Solution : BE CAREFUL : DIFFERENTIATE BOTH SIDE OF THE EQUALITY ! ! ! ! ! !
We use implicit differentiation on the previous equation. We differentiate with respect to x thinking

of y as a function of x, we get :

4x´ 3y1y “ 0

That is

y1 “
4x
3y

Then, applying implicit differentiation again as before to the last equality we obtain :

y2 “
12y´ 12y1

9y2 “
12y´ 12 4x

3y

9y2 “
4y´ 4 4x

3y

3y2 “
12y2 ´ 16x

3y3

Example 2 : Use implicit differentiation to find the slope of the tangent line to the curve at the point
p1, 4?15q for x4 ` y4 “ 16 ;

Solution : The slope of the tangent at a point with abscissa x is equal to the derivative of the function
at this point. So in order to do this exercise we will consider y to be a function of x and do an implicit
differentiation, so that we can find the differentiation of y at the point x and then compute y1 for x at the
point specified.

BE CAREFUL : DIFFERENTIATE BOTH SIDE OF THE EQUALITY ! ! ! ! ! !
We use implicit differentiation on the previous equation. We differentiate with respect to x thinking

of y as a function of x, we get :
4x3 ` 4y1y3 “ 0

Thus we obtain

y1 “
´4x3

4y3 “
´x3

y3

Then at the point p1, 4?15q we obtain

y1|
p1, 4?15q “

´1
4?15

3

Thus the slope of the tangent at the point p1, 4?15q is ´1
4?15

3 .

Steps in logarithm differentiation Differentiate

1. Take natural logarithm in both side of the equality and use logarithm laws.

2. Differentiate implicitly with respect to x
3. Solve the resulting equation.

Example : f pxq “ ln
` x5

p2x´1q3px2`1q

˘
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Solution : Note that using the property of the logarithm we have that

f pxq “ ln
` x5

p2x´ 1q3px2 ` 1q

˘

“ 5lnpxq ´ 3lnp2x´ 1q ´ lnpx2 ` 1q

Thus, applying two chain rules, we get

f 1pxq “
5
x
´ 3

2x
2x´ 1

´
2x

x2 ` 1
“

5
x
´

6x
2x´ 1

´
2x

x2 ` 1

Linear approximation
The approximation

f pxq „ f paq ` f 1paqpx´ aq

is called the linear approximation or tangent line approximation of f at a. The linear function
whose graph is this tangent line, that is,

Lpxq “ f paq ` f 1paqpx´ aq

is called the linearization of f at a.
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Function Derivative
c 0
x 1

xn, n P R nxn´1

ex ex

c f pxq c f 1pxq
f pxq ` gpxq f 1pxq ` g1pxq
f pxq ´ gpxq f 1pxq ´ g1pxq

f pxqgpxq f pxqg1pxq ` f 1pxqgpxq Product rule
f pxq
gpxq

gpxq f 1pxq´ f pxqg1pxq
gpxq2 Quotient rule

f pgpxqq g1pxq f 1pgpxqq Chain rule

upxqn nu1pxqupxqn´1

ax axlnpaq
ab 0

p f pxqqb b f 1pxq f pxqb´1

agpxq, a ą 0 agpxqlnpaqg1pxq
logapxq, a ą 0 1

xlnpaq
lnpxq 1{x

lnpupxqq u1pxq
upxq

ln|x| 1{x
1

gpxq ´
g1pxq
gpxq2

cospxq ´sinpxq
sinpxq cospxq

tanpxq “ sinpxq
cospxq sec2pxq “ 1

cos2pxq
secpxq “ 1

cospxq secpxqtanpxq
cscpxq “ 1

sinpxq ´cscpxqcotpxq
cotpxq “ 1

tanpxq ´csc2pxq
sin´1pxq “ arcsinpxq 1?

1´x2

cos´1pxq “ arccospxq ´ 1?
1´x2

tan´1pxq “ arctanpxq 1
1`x2

sinhpxq “ ex´e´x

2 coshpxq
coshpxq “ ex`e´x

2 sinhpxq
tanhpxq “ sinhpxq

coshpxq “
ex´e´x

ex`e´x sech2pxq

cothpxq “ coshpxq
sinhpxq “

ex`e´x

ex´e´x ´csh2pxq
cschpxq “ 1

sinhpxq “
2

ex´e´x ´sechpxqtanhpxq
sechpxq “ 1

sinhpxq “
2

ex`e´x ´cschpxqcothpxq

sinh´1pxq “ lnpx`
a

x2 ` 1q 1?
x2`1

cosh´1pxq “ lnpx`
a

x2 ` 1q 1?
x2´1

tanh´1pxq “ 1{2ln
´

1`x
1´x

¯

1
1´x2

sech´1pxq “ ln
ˆ

1`
?

1´x2

x

˙

1
x
?

1´x2
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About finding derivative using the previous table

It is very important that you take time observing your function. See if it is a good idea to rewrite
it before taking the derivative (if there is not a way to rewrite it to make the computation easier and
avoid computational mistakes). Then try to anticipate which rule you will need to use (product, chain,
quotient...). If necessary split the derivative in various step especially if you need to use various rules. Tell
me which rules you will apply.

Example : Compute the derivative of the following function :

1. f pxq “ 3x´5x3

3?x
Solution

Note that
f pxq “ 2x2{3 ´ 5x9{3,

thus using the power rule we get

f 1pxq “ 4{3x´1{3 ´
40
3

x8{3

2. f pzq “
?

5z`
?

11z
Solution

Note that
f pzq “

?
5z`

?
11z “

?
5z`

?
11
?

z

Thus, using the power rule we get :

f 1pzq “
?

5`
?

11{2z´1{2

3. f pxq “ p1` 2x` 3x2qp5x5 ´ 4x4q

Solution

We write f pxq “ upxqvpxq, with upxq “ 1 ` 2x ` 3x2 thus u1pxq “ 6x ` 2 and vpxq “ 5x5 ´ 4x4 “

x4p5x´ 4q thus v1pxq “ 25x4 ´ 16x3 “ x3p25x´ 16q.
Using the product rule we get :

f 1pxq “ u1pxqvpxq ` v1pxqupxq “ x4p5x´ 4qp6x` 2q ` x3p25x´ 16qp1` 2x` 3x2q

“ x3pxp5x´ 4qp6x` 2q ` p25x´ 16qp1` 2x` 3x2qq

“ x3p105x3 ´ 12x2 ´ 15x´ 16q

4. f pxq “ x3`1
3´x

Solution :

Note that

f pxq “
upxq
vpxq

where upxq “ x3 ` 1 thus u1pxq “ 3x2 and vpxq “ 3´ x thus v1pxq “ ´1.

Then, using the quotient rule we get

f 1pxq “
u1pxqvpxq ´ v1pxqupxq

v2pxq
“

3x2p3´ xq ` px3 ` 1q
p3´ xq2

“
´2x3 ` 9x2 ` 1

p3´ xq2
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5. f pxq “
?

x3

secpxqp2x`3q

f is a quotient of a square root function by the product of a trigonometric function and a polynomial
function. .

Then, using the quotient and product rules we get :

f 1pxq “
3{2

?
xsecpxqp2x` 3q ´

?
x3psecpxqtanpxqp2x` 3q ` 2secpxqq

psecpxqp2x` 3qq2

6. f pxq “ p1` p2x` 1q6q7

Solution : f is a polynomial function thus defined and differentiable for any real values.

Thus using the chain rule twice we get :

f 1pxq “ 84p2x` 1q5p1` p2x` 1q6q6

7. f pxq “
a

cospx2 ´ 3x´8 ` 1q
Solution : f is the square root of a composite of a trigonometric with a polynomial function.

Here I have to deal with a composite of a composite too much to think about in my
head at once thus I prefer to be careful again.

Note that f pxq “ upvpxqq where upxq “
?

x thus u1pxq “ 1
2
?

x and vpxq “ cospx2 ´ 3x´8 ` 1q thus

using the chain rule, v1pxq “ ´p2x´ 24x´9qsinpx2 ´ 3x´8 ` 1q.
Thus using the chain rule twice, we get

f 1pxq “ v1pxqu1pvpxqq “ ´p2x´ 24x´9qsinpx2 ´ 3x´8 ` 1q
1

2
a

cospx2 ´ 3x´8 ` 1q

8. f pzq “ 2z´z2

1´log3pzq

Solution : f is the quotient of a polynomial with a log function.

Remember 2z “ elnp2qz ! !

Using the quotient, exponential and logarithm rules we get :

f 1pxq “
plnp2q2z ´ 2zqp1´ log3pzqq ´ 2z´z2

lnp3qz

p1´ log3pzqq2

9. f pxq “ 3´sinpxq

1`lnpx3´xq

Solution : f is a quotient of a composite of an exponential with a trigonometric function and sum
of a constant with a composite of a logarithm with a polynomial function.

Using the chain rule twice and the quotient rule we get

f 1pxq “
´lnp3qcospxq3´sinpxqp1`lnpx3´xqq`3´sinpxq 3x2´1

x3´x
p1`lnpx3´xqq2

“
3´sinpxqp´lnp3qcospxqp1`lnpx3´xqq` 3x2´1

x3´x
q

p1`lnpx3´xqq2
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